We investigate a fluid description of inflationary cosmology. It is shown that the three observables of the inflationary universe: the spectral index of the curvature perturbations, the tensor-to-scalar ratio of the density perturbations, and the running of the spectral index, can be compatible with the Planck analysis. In addition, we reconstruct the equation of state (EoS) for a fluid from the spectral index of the curvature perturbations consistent with the Planck results. We explicitly demonstrate that the universe can gracefully exit from inflation in the reconstructed fluid models. Furthermore, we explore the singular inflation for a fluid model.
Introduction
Properties of inflation [1] [2] [3] [4] [5] has been understood through the recent cosmological observations on the anisotropy of the cosmic microwave background (CMB) radiation by the Planck satellite 6, 7 , the BICEP2 experiment [8] [9] [10] , as well as the Wilkinson Microwave anisotropy probe (WMAP) 11, 12 (for reviews on inflation, see, for example, Refs. 13, 14, 15) .
In Refs. 16, 17, the three observables of the inflationary universe, namely, (i) the spectral index n s of the curvature perturbations, (ii) the tensor-to-scalar ratio r of the density perturbations, and (iii) the running α s of the spectral index, have been described with quantities in scalar field theories, fluid models 18 , and F (R) gravity theories [19] [20] [21] [22] [23] [24] [25] [26] [27] . Inflation [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [39] [40] [41] and dark energy problem 38 have been considered in fluid models. In this paper, we review our main results in Ref. 36 . From the representation of spectral index n s of the curvature perturbations in terms of the number of e-folds at the inflationary stage, which is obtained for, e.g., R 2 inflation (the Starobinsky inflation) 5 , we reconstruct the EoS for a fluid by using the procedure for scalar field theories developed in Ref. 42 . This representation of n s can lead to its value compatible with the Planck data. It is known that in R 2 inflation (the Starobinsky inflation), the values of n s and r can explain the Planck analysis 6, 7 (for a review of inflation in modified gravity, see, for instance, Ref. 43 ). In the reconstructed fluid models, the tensor-to-scalar ratio r of the density perturbations and the running α s of the spectral index can also be consistent with the Planck results. Furthermore, we demonstrate that in these models, the universe can gracefully exit from inflation. We use units of k B = c = = 1 and express the gravitational constant 8πG N by κ 2 ≡ 8π/M Pl 2 with the Planck
19 GeV.
Fluid description
The EoS for a general fluid can be expressed as P = −ρ+ f (ρ), where ρ and P are the energy density and pressure of a fluid, respectively, and f (ρ) is a function of ρ. We assume the flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric ds
, where a(t) is the scale factor. The Hubble parameter is given by H ≡ȧ/a. Here, the dot denotes the derivative with respect to t. In this background space-time, the gravitational field equations become
where the second equality of the second equation follows from the EoS. Here, N is the number of e-folds during inflation, given by N ≡ ln (a f /a i ) with a i and a f the values of a(t) at the initial t i and end t f times of inflation, respectively. Moreover, the conservation law reads dρ(N )/dN + 3 (ρ(N ) + P (N )) = dρ(N )/dN + 3f (ρ) = 0. Here, in deriving the first equality, we have used the EoS. With the second gravitational equation and the conservation law, we find
(2) It follows from Eq. (2) that H(N ) and the derivatives with respect to N can be represented by using ρ(N ) and f (ρ(N )). The slow-roll parameters can also be expressed with ρ(N ) and f (ρ(N )). Consequently, the three observables of the inflationary universe, n s , r, and α s , can be described by ρ(N ) and f (ρ(N )) 17 (for the other expression of α s , see Ref. 44 ).
Reconstruction procedure of the EoS for a fluid
We study the case that the EoS for a fluid is represented as P = −ρ+Aρ β + ζ(H) with A and β constants. Here, we take ζ(H) =ζH γ withζ and γ constants. The mass dimension of A andζ are −4 (β − 1) and − (γ − 4), respectively. Through the first equation in (1) for the expanding universe (H > 0), the EoS can be written as
According to the Planck results 6,7 , we have n s = 0.968±0.006 (68% CL), r < 0.11 (95% CL), and α s = −0.003 ± 0.007 (68% CL). The constraint on r is consistent with the recent BICEP2 and Keck Array analysis of r < 0.09 (95% CL) 10 . We consider the inflationary models in which n s is described as n s − 1 = −2/N . This relation is satisfied in R 2 inflation (the Starobinsky inflation) 5 , the chaotic inflation 45 , the Higgs inflation with the non-minimal coupling 46, 47 , and the α-attractor [48] [49] [50] . In the case of the slow-roll inflation in a canonical scalar field theory, where the scalar field plays a role of an inflaton field, we have
where V (N ) is the inflaton potential. From Eq. (4) and the relation n s
, where C 1 (> 0) and C 2 are constants and their mass dimension is four. For this potential, with Eq. (5),
In addition, by using Eq. (5), we obtain α s = −2/N 2 . If N = 60, we have α s = −5.56 × 10 −4 , which is compatible with the Planck data.
In the fluid description, we use the EoS for the inflaton potential V . We suppose that the slow-roll approximation that the kinetic energy is much smaller than the potential energy can be applied. In this case, we have ρ ≈ V , and hence from the expression of V shown above, we find N ≈ C 1 ρ/ (1 − C 2 ρ). Here, C 2 < 0 because N must be positive. In the FLRW space-time, the first equation in (1) with the slow-roll approximation, we obtain
By combining the second equation in (1) the expression of H as a function of N , we get
where the last approximate equality follows from the first equation in (1) and the relation between N and ρ.
Reconstructed EoS for a fluid
First, if |C 2 ρ| ≫ 1, it follows from Eq. (7) that
Moreover, we have (−C 2 ) /C 1 ≈ 1/N ≪ 1, which follows from the relation N ≈ C 1 ρ/ (1 − C 2 ρ) and |C 2 ρ| ≫ 1. Here, N ≫ 1 because this is the necessary condition to solve the so-called flatness and horizon problems.
As a result, we obtain
The second approximate equality in (9) can be satisfied, for instance, in the case that |C 2 ρ| = O(10) and N 60. This means that the slow-roll (de Sitter) inflation can happen. In this case, the scale factor is represented as a(t) = a i exp [H inf (t − t i )], where H inf (> 0) (= constant) is the Hubble parameter at the inflationary stage. Furthermore, when (−C 2 ) /C 1 < 1/N and N 73, from the relation r = 8/ {N [1 + (C 2 /C 1 ) N ]}, we find that r < 0.11, namely, the constraint on the value of r suggested by the Planck analysis can be met.
By comparing Eqs. (3) and (8), it is seen that these equations can be equivalent with each other as a linear combination of ρ and ρ 2 . Consequently, the following two models of Model (a) and Model (b) can be acquired Model (a) :
Model (b) :
For Model (a), we have taken A = 2C 2 / (3C 1 ),ζ = −3C 2 2 / C 1 κ 4 , β = 1, and γ = 4, whereas for Model (b), we have chosen A = −C 2 2 / (3C 1 ),ζ = 2C 2 / C 1 κ 2 , β = 2, and γ = 2.
We investigate the opposite limit of |C 2 ρ| ≪ 1. From Eq. (7), we find
By using the relation N ≈ C 1 ρ/ (1 − C 2 ρ) and |C 2 ρ| ≪ 1, we get C 1 ρ ≈ N ≫ 1. Hence, we have |C 2 | /C 1 ≪ 1. With Eq. (8), we obtain
where in deriving the first approximate equality, we have used C 1 ρ ≈ N , and the second approximate equality follows from N ≫ 1 and
Hence, the slow-roll (de Sitter) inflation can occur. Moreover, if C 2 > 0 and C 2 /C 1 1/N , with the relation r = 8/ {N [1 + (C 2 /C 1 ) N ]}, we see that when N 60, the tensor-to-scalar ratio r of the density perturbations satisfies the upper limit r < 0.11 obtained by the Planck data. In addition, if C 2 < 0 and |C 2 | /C 1 < 1/N , we find that when N 73, the upper bound r < 0.11 is met.
In comparison of Eq. (12) with Eq. (3), the following Model (c) and Model (d) can be obtained Model (c) :
Model (d) :
For Model (c), A = −1/ (3C 1 ),ζ = 2C 2 / C 1 κ 2 , β = 0, and γ = 2 have been taken, while for Model (d), A = 2C 2 / (3C 1 ),ζ = −1/ (3C 1 ), β = 1, and γ = 0 have been chosen. We note that in deriving the expressions ofζ for Model (a), Model (b), Model (c), and Model (b), the representations of γ for them have been used.
Graceful exit of the universe from inflation
We demonstrate that in the reconstructed fluid models, the universe can gracefully exit from inflation by examining the instability of the de Sitter solution at the inflationary stage. We take the following perturbations of the Hubble parameter 51 H = H inf + H inf δ(t) from the de Sitter solution H inf , where |δ(t)| ≪ 1, and therefore the second term H inf δ(t) corresponds to the perturbations. Equation (2) can be represented as the second differential equation with respect to t as follows
As a form of δ(t) to explore the instability of the de Sitter solution, we define δ(t) ≡ e λt with λ a constant. The de Sitter solution is unstable when we have a positive solution of λ. In such a case, the graceful exit of the universe from inflation is realized, so that the reheating stage can follow. This is because the value of |δ(t)| with λ > 0 grows in time during inflation.
By substituting H = H inf + H inf δ(t) with δ(t) = e λt into Eq. (16) and taking the first order of δ(t), we find
The solutions of Eq. (17) 
Hence, when Q > 0, we can have the positive solution of λ = λ + > 0. Thus, the universe can exit from inflation successfully.
We concretely explore whether the graceful exit of the universe from inflation can occur, that is, whether Q can be a positive value. The case that the universe does not exit from inflation gracefully and inflation does not end corresponds to the eternal inflation. We substitute the values of A,ζ, β, and γ in Models (a), (b), (c), and (d) into Eq. (18), we acquire the representations of Q for these models. When we derive the values of Q, the following points are taken into considerations. In all of Models (a), (b), (c), and (d), C 1 > 0. In Models (a) and (b), C 2 < 0, whereas in Models (c) and (d), C 2 can take both the positive value and the negative one.
In Models (a) and (b), where |C 2 ρ| ≫ 1, we obtain
Therefore, the condition Q > 0 is always satisfied. On the other hand, in Models (c) and (d), where |C 2 ρ| ≪ 1, we find
It follows from Eqs. (21) and (22) that when C 2 < 0, we have Q > 0, while, for C 2 > 0, when the following conditions are met, Model (c) :
we can acquire Q > 0. As a consequence, in the reconstructed fluid models, the graceful exit of the universe from inflation can be realized. In Models (a), (b), (c), and (d), whose EoS are given by Eqs. (10), (11), (14) , and (15), respectively, the three observables of the inflationary universe can explain the Planck data. The spectral index n s of the curvature perturbations is described by n s −1 = −2/N . It follows from this expression that if N = 60, we have 0.967. Moreover, the tensor-to-scalar ratio r of the density perturbations can be smaller than the upper bound as r < 0. . The values of n s , r, and α s shown above are compatible with the Planck analysis.
Singular inflation for a fluid
We investigate the singular inflation 52-55 for a fluid. This is an application of the Type IV finite-time future singularity to the inflationary universe. It is known that there are four kinds of the finite-time future singularities 56 . Their natures in modified gravity have been studied in Ref. 57 . For the Type IV singularity, in the limit of t → t s , where t s is the time when the singularity occurs, the scale factor, the energy density and pressure of the universe do not diverge, and only the higher derivatives of H becomes infinity. When the Type IV singularity appears, the Hubble parameter and scale factor at the inflationary stage can be represented as H = H inf + H (t s − t) q with q > 1 and a =ā exp H inf t − H / (q + 1) (t s − t) q+1 .
Here,H, q, andā are constants. In addition, the mass dimension ofH is q + 1. In this case, it is possible to show that the EoS for a fluid can approximately be a similar form to that in the reconstructed fluid models.
Summary
We have executed the reconstruction of the EoS for a fluid from the expression of spectral index n s of the curvature perturbations, the value of which is consistent with the Planck results. This representation is satisfied in R 2 inflation (the Starobinsky inflation). In the reconstructed fluid models, the tensor-to-scalar ratio r of the density perturbations and the running α s of the spectral index can also explain the Planck analysis. Moreover, we have shown that the graceful exit from inflation can be realized. In addition, we have considered the singular inflation based on the Type IV singularity for a fluid model.
